In this paper we present various convective states of zero-Prandtl number RayleighBénard convection using direct numerical simulations (DNS) and a 27-mode lowdimensional model containing the energetic modes of DNS. The origin of these convective states have been explained using bifurcation analysis. The system is chaotic at the onset itself with three coexisting chaotic attractors that are born at two codimension-2 bifurcation points. One of the bifurcation points with a single zero eigenvalue and a complex pair (0, ±iω) generates chaotic attractors and associated periodic, quasiperi- 
Introduction
Origin of instabilities, patterns, and chaos in Rayleigh-Bénard convection (RBC) is an interesting problem in fluid dynamics (Chandrasekhar 1961; Busse 1981; Bhattacharjee 1987; Manneville 2004; Ahlers, Grossman & Lohse 2009 ). Prandtl number, P (ratio of kinematic viscosity ν and thermal diffusivity κ) and Rayleigh number, R (ratio of buoyancy and dissipative terms) are the two critical parameters for RBC. Some of the key and difficult problem in this field are related to the onset of convection for zero-Prandtl number (zero-P) and low-Prandtl number (low-P) fluids. For zero-P and low-P convection, the nonlinear term of the Navier-Stokes equation plays an important role, and it generates vertical vorticity resulting in three-dimensional patterns and the associated secondary oscillatory patterns (Busse 1972; Clever & Busse 1974; Busse & Bolton 1984) .
In the present paper we will study various patterns and chaos for zero-Prandtl number convection using bifurcation analysis. We use direct numerical simulations and a low-dimensional model for this purpose.
Low-Prandtl number fluids, for example, mercury (P ≈ 0.02), liquid sodium (P ≈ model by incorporating the corresponding dominant modes. In the present paper we perform a bifurcation analysis of this model and explore the origin of the various convective patterns of zero-P convection with special emphasis on the oscillatory instability and related wavy roll patterns. All the features of the 13-mode model are reproduced in the 27-mode model by construction. We will show in our discussion that properties of the wavy rolls of the 27-mode model matches reasonably well with those observed in experiments and simulations.
The organization of the paper is as follows: In section 2, we describe the basic hydrodynamic system considered for the study. The low dimensional model will be derived in section 3. Section 4 contains the results of the numerical simulations and the lowdimensional model. Various bifurcation diagrams are described in this section. A brief study of the wavy rolls observed in the low-dimensional model is presented in section 5.
We finally conclude in section 6.
Governing equations and direct numerical simulations
The RBC system consists of a conducting fluid of kinematic viscosity ν, thermal diffusivity κ, and coefficient of volume expansion α confined between two conducting plates separated by a distance d and heated from below. In the zero-P limit the equations under Boussinesq approximation take the form (Spiegel 1962; Thual 1992 )
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where v(x, y, z, t) ≡ (v 1 , v 2 , v 3 ) is the velocity field, θ(x, y, z, t) is the deviation in the temperature field from the steady conduction profile, ω ≡ (ω 1 , ω 2 , ω 3 ) ≡ ∇ × v is the vorticity field,ê 3 is the vertically directed unit vector, and ∇ 2 H = ∂ xx +∂ yy is the horizontal Laplacian. The equations have been nondimensionalized using d as the length scale, d 2 /ν as the time scale, and νβd/κ as the temperature scale, where β is the uniform temperature gradient. The two nondimensional parameters in the equations are the Rayleigh number R = αβgd 4 /νκ and the Prandtl number P = ν/κ, where g is the acceleration due to gravity. In the following discussions we will also use the reduced Rayleigh number r = R/R c as a parameter.
We consider perfectly conducting boundary conditions for the top and bottom plates along with the free-slip boundary condition for the velocity field. Consequently
We assume periodic boundary conditions along the horizontal directions.
Equations (2.1-2.4) are numerically solved using direct numerical simulations (DNS) under the above boundary conditions (Eqs. 2.5). DNS were performed using a pseudospectral code TARANG (Canuto et al. 1988; Verma 2008 ) in a box with aspect ratio
Various grid resolutions, 32 × 32 × 32, 64 × 64 × 64, have been used for the simulations. These grids provide well-resolved simulations near the onset of convection. We used fourth-order Runge-Kutta scheme (RK4) for time advancement.
Each run was carried out till the system reaches a steady state. The DNS runs were performed for 0.98 ≤ r ≤ 1.25.
We perform around 200 simulation runs, yet it is insufficient to construct the bifurca-tion diagram of the system in detail. For this purpose we construct a low-dimensional model, which will be described in the next section.
Low-dimensional model
We identify 27 Fourier modes that have significant energy (approximately 1% or more of the total energy) in the DNS runs and create a low-dimensional model. The modes of the model are shown in Fig. 1 where W lmn and Z lmn are the Fourier amplitudes of the vertical velocity and vertical vorticity modes respectively with the three subscripts (l, m, n) indicating the wavenumber components along the x, y, and z directions respectively. The modes (1, 0, 1) and (0, 1, 1) are the most important modes of our model, and they represent the rolls along y and x directions respectively. For the square pattern, the most important participating triad is {(1, 0, 1), (0, 1, 1), (1, 1, 2)}. Note that the wavenumbers of the interacting triad satisfy
The horizontal components of the velocity field can be computed using the incompressibility condition of the velocity field (Eq. (2.4)), and the temperature field θ can be computed using Eq. (2.3). A Galerkin projection of the RBC equations (2.1-2.2) on the above modes provides a set of 27-dimensional coupled first-order nonlinear ordinary differential equations for the amplitudes of the above Fourier modes. On this 27-mode model, we perform a detailed bifurcation analysis that we describe in the subsequent sections.
Our 27-mode model is a superset of the 13-mode model of Pal et al. play a critical role in inducing wavy rolls along the y and x axes respectively. In the present paper we will investigate the dynamics of these wavy rolls in RBC using numerical simulations and the 27-mode model along with other features that are generated by the inclusion of these modes.
We numerically solve the 27-mode model by employing accurate ODE solvers of MAT- Note that all the above patterns were also found in our DNS.
Earlier Thual (1992) in his DNS of zero-P convection had shown the existence of SQ, SQOR, oscillatory quasihexagons (SQOS), chaotic squares (SQCH), and chaotic quasihexagon (HXCH). Thual observed the oscillatory and chaotic quasi-hexagons for Rayleigh numbers beyond the range investigated in this paper.
We investigate the origin of various convective flow patterns from the bifurcation diagrams generated using the low dimensional model. To generate the bifurcation diagram, we start first with the fixed points of the system. We compute the fixed points using the Newton-Raphson method for a given r, and these fixed points are subsequently continued using a fixed arc-length based continuation scheme for the neighbouring r 
Bifurcation analysis using model and simulation results
In the present section we numerically solve Eqs. (2.1-2.4) using DNS and the 27-mode model in the range 0.98 ≤ r ≤ 1.25. This range of r values is near the onset of convection.
We will present the bifurcation diagrams associated with the different attractors using the low-dimensional model followed by a detailed comparison of the model results with those obtained from DNS.
Fixed points of the system
Fixed points of a dynamical system and their bifurcations provide important clues about the system dynamics. Therefore, we start our analysis by locating all the fixed points of the 27-mode model. In Fig. 5 we display the projection of these fixed points on the W 101 -W 011 plane as a function of r. For r < 1, the only stable fixed point of the system is the origin, which corresponds to the pure conduction state (cyan curve). At r = 1, the conduction state loses stability, and neutrally stable pure roll solutions (purple curves of These periodic solutions are also unstable akin to the symmetric square fixed points associated with CB1. We will show later that the wavy rolls are associated with CB2.
Note that CB2 and their associated attractors are absent in the 13-mode model (Pal et al.
2009).
The unstable roll solutions which persist at r = 1 with amplitudes greater than After two successive inverse Hopf bifurcations, to be described later, the unstable ASQ fixed points become stable. These stable fixed points are shown by the solid blue curves in bifurcation at CB2 which is responsible for the wavy rolls. In the following discussions we will describe the bifurcation diagrams including limit cycles, chaotic attractors etc. 
Bifurcation diagram of the 13-mode model
As illustrated by Fig. 1 , the 13-mode model is a subset of the 27-mode model. If we force only the modes of the 13-mode model to be nonzero, and others to be zero, naturally the bifurcation diagram corresponding to the 13-mode model is reproduced. Pal et al. In the subsequent subsections we will describe the bifurcation scenario for the 27-mode model.
Bifurcation diagram Bif-A of the 27-mode model
The square pattern described above is also observed in the 27-mode model. The new features of Bif-A are as follows. At r = 1.1260, the ASQ branch undergoes a supercritical Hopf bifurcation (H1, see Fig. 8 ) resulting in a time-periodic convective flow as illustrated in Fig. 9(a,b) , where we show a projection of the limit cycle obtained from the DNS and the model on the W 111 -Z 010 plane. All the 27 modes are active for these periodic flow patterns.
As r is reduced further, at r = 1.1257 a new frequency incommensurate with the original frequency is born through a Neimark-Sacker bifurcation (NS1) and the limit cycle becomes unstable. Here, a pair of imaginary Floquet multipliers cross the unit circle outwards as illustrated in Fig. 10(a) . The phase space trajectory of the system on the W 111 -Z 010 plane is therefore quasiperiodic as demonstrated in Fig. 9(c,d) for the DNS and the model respectively. The unstable limit cycle continues till r = 1.0651 where they meet the unstable limit cycles of the wavy rolls, which will be discussed in § 4.5.
On further reduction of r, at r = 1.1226, another Hopf bifurcation (H2) takes place on the unstable ASQ branch. The limit cycle born from H2 is however unstable. At r = 1.1181, this limit cycle becomes stable via an inverse Neimark-Sacker bifurcation (NS2) wherein the unstable Floquet multiplier pair enters the unit circle as evident in Fig. 10(b) . The resulting stable limit cycle is the oscillatory asymmetric square (OASQ) solution of the 13-mode model. Figure 11 shows a projection of the limit cycle corresponding to the OASQ solution obtained from the DNS and the model on the W 101 -W 011 plane. The quasiperiodic solutions exist only in the range r = 1.1181-1.1257, i.e., between NS1 and NS2 and disappears after NS2. Note that the attractors between H1 and NS2 contain all the 27 modes, but beyond NS2 the ten modes W 111 , Z 100 , Z 010 , Z 111 , Z 210 , Z 120 , Z 021 , Z 102 , and Z 012 again become zero.
Beyond NS2, the patterns and associated bifurcations from OASQ to SQOR to the chaotic attractors Ch1, Ch2 and Ch3 in the decreasing r direction are exactly the same as for Bif-13M. The range of r corresponding to these patterns are approximately r = 1.086-1.1181 for OASQ, r = 1.0046-1.086 for SQOR, r = 1.0034-1.0046 for Ch1, r = 1.0025-1.0034 for Ch2 and r = 1-1.0025 for Ch3. Comparison with the 13-mode model indicates that the ranges of r for the above patterns as well as that for SQ and ASQ are different. This is due to the fact that more than 13 modes are active in the present model for In the next subsection, we will discuss the bifurcations associated with the solutions arising from the branch point CB2 whose flow patterns resemble the wavy rolls. (Fig. 6) . A large chaotic attractor represented by gray dots Ch4 is born at CB3. The chaotic attractor Ch4 coexists with Ch1, Ch2, Ch3 (shown in the inset using brown dots), and SQOR. 
Bifurcation diagram Bif-C of the 27-mode model
The 27-mode model has another chaotic attractor near the onset that originates from the bifurcation point CB2 of Fig. 5 . Recall from §4.1 that CB2 is a codimension-2 bifurcation point whose stability matrix has a simple zero eigenvalue and an imaginary pair (0, ±iω). As a consequence, an unstable limit cycle is generated as r is increased beyond 1. The attractors from this branch yield periodic, quasiperiodic, and chaotic wavy rolls. See Fig. 4 for an illustration of a periodic wavy roll. The diagram Bif-C (Fig. 14) illustrates the bifurcation scenario of this type of solutions. The limit cycles generated through this bifurcation are unstable and they have an unstable torus associated with them as discussed in Section 7.4 of Guckenheimer & Holmes (1983) . As a result, four chaotic attractors named Ch5 are born. A phase space projection of one of the Ch5 attractor is shown in Fig. 15(a) . Its chaotic nature is ascertained by the broad-band power spectrum exhibited in Fig. 15(b) . As r is increased further, the size of Ch5 increases till r ≃ 1.009 after which a single large chaotic attractor Ch6 is generated through an "attractormerging crisis" (Hilborn 1994) . A phase space projection and power spectrum of Ch6 are shown in Fig. 15(c,d) respectively. The chaotic attractors Ch5 and Ch6 are illustrated in the bifurcation diagram Bif-C.
As r is increased further, we observe a series of phase-locked and stable quasiperiodic solutions. Phase space projections and power spectra of the phase-locked (r = 1.078) and quasiperiodic (r = 1.10) states are shown in Fig. 15(e,f) and Fig. 15(g,h) respectively.
The phase-locked and quasiperiodic states are also evident in the bifurcation diagram Bif-C as banded and filled regions. Further increase in r transforms the quasiperiodic states to a limit cycle through an inverse Niemark-Sacker bifurcation. A phase space projection and power spectrum of a limit cycle generated for r = 1.15 are shown in Fig. 15(i,j) . Note that the transformations of phase-locked, quasiperiodic, and periodic states to one another can be understood by the movement of the Floquet multipliers of 
Wavy rolls: a quantitative study
In this section we will analyze time scales of the wavy rolls of Bif-C quantitatively, and compare these values with some of the experimental and numerical results. At the bifurcation point CB2, the stability matrix has a pair of complex eigenvalues (0, ±iω) with ω ≈ 14.2. As a result, the unstable limit cycle originating from CB2 has a time period around 2π/ω ≈ 0.44 in units of in general agreement (within a factor of 10) with our theoretical finding based on the bifurcation analysis. Note that Busse (1972) reported that the time period of the oscillatory instability in the units of d 2 /ν is independent of the Prandtl number. Hence the time-scales are not expected to vary appreciably even when we change the Prandtl number by an order of magnitude which is consistent with the results for mercury (P ≈ 0.02) and air (P ≈ 0.7). Therefore, a comparison of our results for P = 0 with those obtained for finite P is also justified.
Oscillatory instabilities and their saturation through critical bursting have been studied by Kumar and coworkers (Kumar, Fauve & Thual 1996; Kumar, Pal & Fauve 2006) using several low-dimensional models. They show that the growth of the mode W 101 is saturated by the vorticity mode Z 010 . In Fig. 17(a,b) we plot the time series of v The above arguments strongly suggest that the origin of the wavy rolls or the oscillatory instabilities are intimately related to the purely imaginary pair of eigenvalues at CB2 and the limit cycles that originate from it.
Conclusion
In conclusion, we explored various flow patterns of zero-P convection and performed a detailed bifurcation analysis near the onset using direct numerical simulation and a 27-mode low-dimensional model. The low-dimensional model was constructed using the most energetic modes of DNS. The results of the DNS and the low-dimensional model are in good agreement with each other. Several new chaotic attractors and windows of periodic and quasiperiodic rolls have been reported for the first time for zero-P convection. The origin and dynamics of all the observed patterns have been explained successfully using the bifurcation diagrams.
The RBC system for P = 0 is chaotic at the onset itself. The stability analysis of the 27-mode model indicates three codimension-2 bifurcation points that play critical roles in the dynamics of convection near the onset. The chaotic attractors Ch1, Ch2, and generates chaotic attractors Ch5 and Ch6, and the subsequent periodic, quasiperiodic, and phase-locked convective states, which correspond to the wavy roll patterns of RBC observed earlier in experiments and simulations. In addition, we find that the frequency of the wavy rolls are connected to the imaginary eigenvalues of the stability matrix at the CB2 bifurcation point. Thus, the bifurcation analysis presented in the paper provides useful insights into the origin of the wavy rolls of RBC.
Interestingly, the bifurcation diagram of 30-mode model of Mishra, Wahi & Verma (2010) for P = 0.0002 matches quite closely with Bif-A of our model. This reinforces earlier observations that zero-P convection is a valid limit of low-P convection as P → 0 (Thual 1992) . The extension of the present study to low-P convection in relation to wavy rolls will be very valuable for understanding the experimental and numerical findings near the onset.
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